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Compariscns among Estimators of a Scale

Paraimeter of the Beta-Stacy Distribution

By N.L. Jahnson*, Tniversity of North Carolina at Chapel Hill
and S. Kotz**, Tenple University, Philacelphia
The Beta-Stacy distribution, as defined by Mihram and Hultquist
[1] is the joint distribution of two random variables, X.L and X2,'when
(i) 3(1" has a Stacy (generalized gamma) distribution with density °

function
@ gy )= Tl e " e [ /1
l ; . o "
(xl > 03 a,c,a > 0)
and

(i1) the conditional distributién of Xz_. given Xl’ is betq. with

parameters 6. 4,0

1 and range 0 to )&, so that

2

-1 ,
(2) (x,|x.) = [B(s,,5 )]-l(x /% )el (1-x, /%) R
?xllxz Xy iXg? = 880,09, i A s M

-—

(0 < X, < %3 el, 62 > 0).
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Given n independent pairs of random variables { xlj , x?j.x' )

(j = 1,2,...5n), each having the Beta-Stacy distribution is definc

It is clear that, given { le}, the observations {X2 } en the st :cad
)

variable { ij 3 pmvidé no further information on the values of “he

parameters a,c and o of the common distribution of the le 's. .

- n
In particular, if c and & are known then I Xl;(]: is a sufficient
i=l

v statistics for a, and the minimum variance unbiased estimator of a is

(3 £ __ I (z 1% Ve

1 - =1 .
Mna + ¢ 1) J

Its variance is

() var(a,) = a ,

2 I{na)T(na + Zc-l) l

- 2
[T(na + ¢ l)] )
while the Cramer-Rao lower bound for unbiased estimators of a is

(5) a%(nac?)™1

The ratio of var(é\l) to az(nmcz)'l tends to 1 as n tends to infinity.
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Mihrem and Hultquist [1] studied the prcblem of estimating ¢

when observations are available on {ij }, but not on {le}, it

be:ingsupposedti‘xat el and 62 are known, as well as ¢ and « .

They guggested two estimators, based au the geometric and arithmetic
mean of the Xz,;'s, respectively:
J

. n
r(e-) T (@) I( 8, + 6. + 0 D) ‘}
1 1
(6.1) & = 2 |n| X 1/

2 .
- - - 2
r(el +n l)P(a+ (ne) lr(el + 92) _{ 4 .
(o. +8) r(a) n
(6.2) 33 = i 2 A g Xy -
‘ 6, Ia + o n 3=1
r{e, + s)r(e. + 6,)
Since E[xzslxl] = x 8 1 12
' re. +0 +s)rce)
1 2 1
and E[xlt ]= a ra+ sco)/T(a) ,
it follows that
-1
o I'(a + (s+t)c ) r(e.,+s)r(e_+e,.)
(M Ex %= & AT
2 I' (o) r(e_+e +s)r(e.)
172 1

I'raom (7) we obtain

-

|

- !
. ) i I'(a) T(8 )r{a+2(ne) l)r(e,TQn J‘){.r(efe
(8.1) var(a,) = a i | . =

2+2n"l)}

-1, | -1 =112
s o ~ ™ hY
F(Bl+62)F(61*92+~n ) lf(a+(nu) )1(Gl+n ;}
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- l.} - .
. _1 (e +1)C0.+8,) Mot 2¢™ D Ca) 7
(8.2) var(ay) = a%n 1 1 2 ) — -1 }
: *Lal(elf62+1) [Fatc )] ‘J
1+ (et Mo TaH D) @™ -
(8.3) Covld,,dy) = a2 { ‘ 1 i ° -1 l :
1+ [n(&,efaa)]" I (x+c) /"(“*/"«C)'l) )

(Formulae (8.1) and (8.3) disagree with the corresponding formulae in

1ibh.
, 4s n tends to infinity, we have
(9.0 & 1m nvarta) = o oyta) + ¥1G0)) = y'(o +0))

n+e

- . A A - -1 - -
(3.3) a2 lim cov(az,as) = ¢ 1[w(a+c ) = y(a)] + 8,6, 1(el+62) 1 ,

N«

where y(y) =

—% (log T(y)) and y'(y) = _g_y. Wiy)).

&nd, of course, for all n

-2 (61+1) (o, +0,) I (a2 (e
(8.2) a " nvar (a3) = . ) - 1.
81 (8% 8,%1) {r(atc )}

Table 1 gives val s of:



a‘n var(éz), a2 n var(d) , and aorr(ﬁz,'é3) for selected values of

3

c,a,el,62 and n. Thue values for n = «» are calculated from the right hand

sides of (9.1) - (9.3). For each set of values of c,a,6. and ¢ n

1 2°
is taken equal to 100. 1In .a few cases valuus are given also for
a =10, 20, 50 and » . These should suffice to indicate the

variation with n, which is not marked.

In order to see how much accuracy has been lost by ignorance

of '{xlj } the values of a2 n ver (ﬁj) (j = 1,2) can be campared with

the corresponding value

- n T (natic ™
a nvar(al)=n -1

[I‘(na+c_l) ]2

. . 3 A »
for the minimum variance unbiased estimator a,. These values are given

in Table 2.

Using the approximation y(a) = log(a- 1) we see, frgm

2

(go\:l)’ that

~2 .. Ay . =2 1"1
(10) a“lim nvar(a) ¢ “(a~- =Y  + (6. ) - y'(6,%6)

LN+ 2 2 1 12
while

-2 .. Ay o= ]

(1) a  limn var(al) = c “a
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The excess of var(é‘z) over var(al) »¢an be split into parts:

¥t ~ e Lol e 1y
2 2

’ and w'(el)-w'(el+92) .

! The excess decreases as « increases and as ¢ increases; the ewcess due to
61 and 6, is relatively less impoytant when o and «  are smail.
These features can be seen from the figures in Table 1.

',

. - Compariscn of Tables 1 and 2 showe L.3t the varisbles { X, } often

provide unbiased estimators of ¢ which are of camarsble anwrscy (e,g.
with variances no more than twige as great) o 31 ¢ lras i3 especisily
notable for the larger value of el ad 62 ~ aodier fextore which is
indicated by (10) and (11). Excent in { cases (out of €0) in Tarle 1,

' the estimatar 32 (based cn the arithmetic me:r) has a =malier varsance

than 33 (based on the geometric mean). P the émaller values of

L

v A - . .
¢ and a, the correlation [rtween a_ and 1& small enough to give
Z

3
. same hope that the unbiased estimator

A A , A
. = A + -8
au :.aQ {1~ )a3

. s s e A . - e .
with A chosen to miniiuze var'(aq) , suggested in [17, will gito 2 use-
ful reduction in variance. The last two oolums of Table 1 save values
of A and var(aq) . The reduction in vardanse 1s certainly worthwhile fou
¢ = 0.5, but for ¢ = 1.0 and 2.0 i~ does not seem to be of much inportance,

Note that as ¢ increases the value of A oseotnes negative.
£
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If el and 92 are large, with el large compared with 92,

. . N [ -l .
“then xlj and X . are highly correlated, and el (el+ez)x2j is a

2]

good urbiased estimator of le . It would seem likely, therefore (in

vicw of (3)) that

Al _ » -l o=l n fe] l/c
(12) 8 = (el+92) I'(na) ["1 I'(nat ¢ )] (jzl x_zj )

would be a good (though not unbiased) estimator of a, in such cases.
We note that the statistic

+0,t
(13) Mloytopte) rey) 1 G

+ + L. 2j

. 2
is an unbiased estimator of a® with {coefficient of variation) equal to

_ 2
ayy ot et r(e,+2c)r (o3) [r(iy*e, +o)]

*

ey G )
a  [r(e +o)] [(6y+6,+22)T (6. +6,) )

-,

For the minimum variance unbiased estimator of a“,

n
)™t 1 x©
j:l l]

2 - . .
the (coefficient of variation) is (na) 1 . On campariscn with (14), we

see that when ¢ = 1, the efficiency of (13), as an estimator of ac, is

62(1 + a) .

+

6, (8, + 62 + 1)
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Tahle 1 is based on tables to § significant figures for
v ) T N c= 005, 100’ 2-0; a = 005, 100’ 2.0, 3'0

8; » 6, = 0.5, ..0, 2.0, 5.0; n = 10, 20, 50, 100, =

2

calculated with an APL program devised by Mr. J. 0. Kitchen, to
whom we express our gm‘t:.tude Thanks are also due to Mrs. G. Ballard

for assistance with the preparation of this paper.
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